The electronic structure of the helium atom in the magnetic field regime B = 0−100a.u. is investigated, using a full configuration interaction approach which is based on a nonlinearly optimized anisotropic Gaussian basis set of one-particle functions. The corresponding generalized eigenvalue problem is solved for the magnetic quantum number M = −1 and for both even and odd z-parity as well as singlet and triplet spin symmetry. Accurate total electronic energies of the ground state and the first four excitations in each subspace as well as their one-electron ionization energies are presented as a function of the magnetic field. Additionally we present energies for electromagnetic transitions within the M = −1 subspace and between the M = −1 subspace and the M = 0 subspace treated in a previous work. A complete table of wavelengths and field strengths for the detected stationary points is given.
Introduction
Motivated by the astrophysical discovery of strong magnetic fields on the surfaces of white dwarfs (≤ 10 5 Tesla) and neutron stars (≈ 10 8 Tesla), the behaviour and the properties of matter in strong magnetic fields has increasingly attracted interest. The theoretical description of atoms in strong magnetic fields is well covered in the literature only for the case of the hydrogen atom (see refs. [1] [2] [3] [4] [5] [6] [7] and refs. therein).
Until recently our knowledge about atoms with more than one electron in a strong magnetic field has been relatively sparse and definitely not sufficient for a comparison of the corresponding theoretical data with the mysterious absorption edges [8] [9] [10] in the spectrum of the magnetic white dwarf GD229. Those have for the first time been identified as helium lines by Jordan et al [11] in 1998. This overwhelming evidence was based on results of highly accurate ab initio calculations performed by Becken and Schmelcher in 1998, a part of which has been published in ref. [12] . For a more detailed overview over the various theoretical approaches to the helium atom in a strong magnetic field and the corresponding literature before 1998 we refer the reader to [12] and in particular the references therein. In [12] a fully correlated configuration interaction approach has been applied to the helium atom in a strong magnetic field. Total energies for spin singlet and triplet states for both positive and negative z-parity in the subspace of vanishing magnetic quantum number M = 0 have been provided, thereby covering the regime of magnetic fields strengths from B = 0 to B = 100a.u. (B = 1a.u. corresponds to 2.35 · 10 5 Tesla). Additionally all the transition energies within the M = 0 subspace have been presented and discussed there, including the stationary components with respect to the field dependence which have been the key tool for the comparison with the observed spectra [11] .
The aim of the present paper is to provide important data for states with the magnetic quantum number M = −1. Some data for states with positive z-parity and M = −1 have already successfully been used for a comparison with the astronomical observation(in [11] , we used the corresponding stationary transitions in a certain field and wavelength regime). The complete data are presented here for the first time. Data resulting from states with negative z-parity are very recent results. The latter further extend our knowledge on the helium atom in a strong magnetic field and permit to investigate additional transitions.
For the case of triplet spin symmetry, Jones et al [13] very recently used a released-phase quantum Monte
Carlo method for calculating accurate data. However, they cover only three field strengths, investigate less excited states for common symmetries and do not study the spin singlet states at all. Nevertheless for the common values of the field strength they confirm our data to several digits. In contrast to this the energies presented by Scrinzi [14] , though in principle variational, are in the presence of a magnetic field significantly lower than ours. Carefully comparing the energies, it appears to us that they are systematically too low, i.e. most probably due to a numerical error.
We remark that performing calculations for finite magnetic quantum numbers requires within our approach drastically improved computational techniques (in comparison to the case M = 0) for keeping the CPU time affordable. A summary of these techniques is provided in the appendix of the present paper.
The starting point of the present paper is the nonrelativistic Hamiltonian of the helium atom with infinite nuclear mass in a magnetic field as given in section 2. To be self-contained we briefly discuss the Hamiltonian's symmetries and provide a description of the basis set as well as the full configuration interaction approach (for more details see ref. [12] ). We introduce a maximal set of conserved quantities, chosen to be the total spin S 2 , the z-component S z of the total spin, the total spatial magnetic quantum number M and the total spatial z-parity Π z . These symmetries serve for classifying the results for the energies for M = −1 in sec.3. In each of the two subspaces for positive and negative z-parity we present the total energies and the ionization energies of the ground state and the first four excited states for singlet and triplet spin symmetry. Additionally we consider in sec.3 all the transitions within the M = −1 subspace as well as all the possible transitions between the M = −1 states treated in the present paper and the M = 0 states given in ref. [12] . The wavelengths of all the stationary components are provided, being the basic ingredient for the successful comparison of theoretical data with the spectrum of magnetic white dwarfs in general and specifically for GD229.
Hamiltonian, Symmetries and basis sets

Hamiltonian and Symmetries
Assuming the magnetic field to point in the +z-direction, the Hamiltonian reads
The one-particle operators in eq. (1) 
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(x 2 i + y 2 i ) and their spin energies Bs zi . The electron-electron repulsion energy is represented by the two-particle operator 1 |r 2 −r 1 | . We remark that we use an electron spin g-factor equal 2, and any more accurate value for it can be simply incorporated by shifting the final total energies correspondingly.
For remarks on the influence of relativistic effects and on a scaling relation taking into account the finite nuclear mass we refer the reader to ref. [6, 12, 15] .
Analogously to ref. [12] , we exploit that there exist four independent commuting conserved quantities: the total spin S 2 , the z-component S z of the total spin, the z-component L z of the total angular momentum and the total spatial z-parity Π z .
Basis sets
For constructing a two-particle basis set of eigenfunctions of the above mentioned conserved quantities, our central ingredient is an anisotropic Gaussian basis set of one-particle functions
which are themselves eigenfunctions of the corresponding one-particle operators of the mentioned conserved quantities. The parameters n ρ i and n zi are restricted by
whereas the nonlinear variational parameters α i and β i are positive and have to be nonlinearly optimized for each field strength as described in ref. [12] . For each one-particle subspace of given symmetry we used an algorithm for determining the nonlinear parameters α i and β i such that the states of the hydrogen atom or the He + ion for that symmetry were optimally described. We emphasize that this procedure gives rise to considerable effort since it has to be repeated for each field strength separately.
We construct a basis set of spatial two-particle states by
where b † i is the creation operator of the i-th one-particle state |i = b † i |0 whose position representation is given by eq. (2) . The spin space is spanned by spin singlet or spin triplet states, and therefore the operators b † i have to be chosen bosonic or fermionic, respectively. Selecting combinations with
we achieve the two-particle states (5) to be a basis set within the subspace for given total symmetries M and Π z . The number N of two-particle basis states is thus in general smaller than n(n + 1)/2.
We perform a full Configuration Interaction (full CI) approach by representing the Hamiltonian in a basis whose spatial part is given by the in general nonorthonormal states (5) . Since the spin part B s z i of the Hamiltonian can trivially be taken into account by a shift of the energies it is sufficient to represent the spatial part of the Hamiltonian H and the overlap S by
The matrices S and H are Hermitian, and the overlap S is additionally positive definite. Furthermore the matrix elements turn out to be real. The finite-dimensional generalized real-symmetric eigenvalue problem
provides eigenvalues E which are variational upper bounds to the exact eigenvalues of the Hamiltionian (1) within each subspace of given M and Π z .
Matrix elements
For calculating the matrix elements of the spatial part of the Hamiltonian (1), we rewrite the former in second quantization,Ĥ =Ĥ I +Ĥ II , whereĤ I andĤ II denote the second-quantized counterparts of the familiar one-and two-particle operators whose position representations read
where |ij := |i ⊗ |j and where the sign '±' stands for '+' in the singlet case and for '−' in the triplet case.
For the relatively simple evaluation of the n(n + 1)/2 different one-particle overlaps i|k and matrix elements i|H I |k we refer the reader to appendices A,B in ref. [12] . The two-particle matrix elements ij|H II |kl are by no means trivial, in particular in view of the fact that their accurate and fast evaluation is necessary in order to build up the Hamiltonian matrix in an affordable amount of CPU time. In ref. [12] we discussed a method using a decomposition in Cartesian coordinates which expresses the two-particle matrix elements in series of hypergeometric functions whose evaluation has been performed by highly efficient analytical continuation formulas. The latter are necessary in order to keep the CPU time acceptable since the number of different two-particle matrix elements is of the order N (N + 1)/2 rather than n(n + 1)/2.
However, the Cartesian decomposition becomes more and more inefficient with increasing magnetic quantum number, which is already relevant for calculations of the subspace M = −1. Therefore we have developped a drastically improved procedure using cylindrical coordinates which leads to an enormous gain of speed such that the computation of the whole Hamiltonian matrix becomes even faster than its diagonalization by standard library routines. The derivation of the corresponding powerful formula for the electron-electron integral is rather lengthy and complicated: we therefore present only major steps of it in appendices A,B,C of the present paper.
Results and discussion
Throughout the paper we use the notation ν index S z will be omitted in obvious cases. The present paper is concerned with the subspaces 1 (−1)
The correspondence between our field notation and the common spectroscopic notation (Both values are taken from ref. [16] ).
Aspects for the selection of basis functions
For the M = 0 states treated in ref. [12] , we have been able to achieve a considerable accuracy by choosing basis sets which can describe the shape of the exact wave function, i.e. include electronic correlation effects.
The latter become less important with increasing quantum number |M |, and this manifests itself already
The reason is that bound two-particle states with nonzero values of M are approximately one-particle excitations. Consequently, the electrons are spatially more separated than in a 0 + state, and this lowers the correlation energy. Additionally, the cusp problem is also less important for excited states M = −1, and therefore fewer one-particle functions with large values for the nonlinear α and β parameters are needed. We have exploited these facts and achieved even more accurate results for the M = −1 states than for the M = 0 states.
In detail the strategy was similar to the M = 0 case. In the case of the (−1) + subspace we used 260 optimized one-particle basis functions (for each field strength) for constructing a two-particle basis set of dimension N = 3793. The latter number is identical for the singlet and the triplet subspace since it cannot occur that a two-particle state contains two identical one-particle contributions which combine to the odd total magnetic quantum number M = −1. This is a principal difference to the case of the 0 + subspace.
In order to describe angular correlation, we have added also (−2) + and (−3) + functions which are paired with (+1) + and (+2) + functions, respectively, to build up M = −1. The same scheme was used for the contributions of one-particle functions of negative z-parities. There it was sufficient to use the combinations
In order to describe excitations we added one-particle basis functions with quantum numbers m πz = (−1) + and values l i = 1 and k i = 1 (see eqs. (3,4)). The latter have exclusively been optimized for a nuclear charge number Z = 1, in contrast to all the other types of basis functions which have been optimized for Z = 1 (hydrogen) and for Z = 2(He + ). The reason is again that all bound M = −1 states are one-particle excitations in which the excited electron is associated to the one-particle quantum numbers m πz = (−1) + , and the effect of the nucleus on that outer electron is screened by the inner one, thereby giving rise to an effective nuclear charge close to unity.
For the (−1) − subspace we proceeded in a similar manner, the basis set dimension was N = 3671 for both singlet and triplet states, built up from a set of 228 optimized one-particle basis functions of type (2).
In the following, we present and discuss the results for the helium energy calculations. Comparing our field-free data with the literature we observe that they are for the subspace (−1) + /(−1) − subspaces more accurate than in the case of the 0 + /0 − subspaces. We will as far as possible compare our helium energies for finite field strength with the best data available in the literature.
Energies for finite field strengths
Results for M = −1 and even z-parity
a) The singlet states ν 1 (− the data for the (−1) + symmetry presented in ref. [11] have been accurate enough for identifying features in the spectrum of the magnetic white dwarf GD229 as absorption edges of helium, we have been able to improve the accuracy slightly.
We observe that for small values of B the total energies of the 1 1 (−1) + state lie slightly lower than for B = 0 which is an effect due to the Zeeman energy which is negative for M = −1. However, for fields stronger than B ≈ 0.16a.u. the total energies rise drastically with increasing field strength which has its origin in the increasing kinetic energy of the electrons which can roughly be estimated by their Landau energy amounting to B for both electrons together.
In order to reveal the internal energetics of the atom we have to subtract such pure and overall field effects. For an analysis it is advantageous to subtract even more: one measure for the accuracy of the total energies E(B) are their corresponding one-particle ionization energies |E ( The energies for the excited states ν 1 (−1) + , 2 ≤ ν ≤ 5 are given in table 2. We remark that for finite field strengths there are no data about these states available in the literature so far. We observe as expected that their total energies rapidly approach the threshold T (B) with increasing excitation.
The dependence of the one-particle ionization energies on the field strength is shown in figure 1 . In contrast to the total energies of the 1 1 (−1) + state its ionization energy depends monotonously on B: the outer electron becomes increasingly bound with increasing field strength. This is not in general the case for the excited states within the (−1) + subspace although the ionization energy of the 2 1 (−1) + state is monotonous (note the changes in the slope compared to the 1 1 (−1) + state). The ionization energies of the states 3 1 (−1) + , 4 1 (−1) + and 5 1 (−1) + exhibit a pattern of several avoided crossings. Those occur in the field strength interval 0.02 ≤ B ≤ 0.2 which is the regime where a rearrangement takes place: for low field strengths the states 3 1 (−1) + and 4 1 (−1) + (field free 4 1 F −1 and 4 1 P −1 ) are energetically almost degenerate since they both belong to the field free principal quantum number n = 4. This degeneracy is disturbed by the magnetic field and completely destroyed for strong fields (see figure 1) . have not been present in the literature so far. We observe that our energies are variationally lower than any values in the literature apart from only a few exceptions with respect to the energies computed by Jones et al [13] . However, one must take into account that the released-phase quantum Monte Carlo method performed by Jones et al leads to statistical error bars (see the corresponding numbers in parentheses in table 3) such that none of those energies is significantly stronger bound than our results. This means, either we confirm these results or our accuracy is even higher, reflecting the fact that our optimized anisotropic
Gaussian basis sets excellently describes the wave functions in a magnetic field. Due to the efficiency of our method of computation we were able to cover a large number of field strengths. Analogously to the singlet case, we show the one-particle ionization energies of the triplet states also in figure 1. We observe that the singlet-triplet splitting decreases with increasing excitation. This occurs due to the fact that for excitations the spatial separation between the electrons is large, and therefore the exchange terms in eqs. (10) (11) (12) are small which causes a small effect of the different signs of the matrix elements belonging to singlet and triplet states. In figure 2 we show the ionization energies. The dashed triplet curves almost coincide with the corresponding singlet curves. Such a small singlet-triplet splitting is in good agreement with the considerations mentioned in sec.3.2.1 which predict a small singlet-triplet splitting for high excitations.
Results for
literature. In figure 2 we show the one-particle ionization energies analogously to figure 1. The threshold T (B) is identical to the case of (−1) + , 0 + or 0 − symmetry because the energetically lowest way to realize the ionized system He + + e − with (−1) − symmetry is to leave one electron in the 0 + state of a He atom. The other electron must then be placed in a Landau orbital with m = −1 and negative z-parity, which does not
Transitions
For the comparison of the energy levels of helium with the spectra of magnetic white dwarfs in general and GD229 in particular it is necessary to determine the transition energies from our total energies. Restricting Due to the fact that the field strengths in the atmospheres of magnetic white dwarfs is not a constant but varies by a factor of two for a dipole geometry, transitions which behave monotonically as a function of the varying field are smeared out, i.e. are not expected to provide a signature in the observed spectrum.
However, the transitions whose wavelengths are stationary with respect to the field dependence manifest themselves as absorption edges in the observable spectrum if they possess a relevant intensity. We therefore give in tables 6 to 11 a complete list of all the stationary points which resulted from our calculated transitions.
We remark that for a reliable comparison with observational spectra in some cases the finite nuclear mass effects have to be taken into account. This requires corrections of our total energies according to the scaling relation given in eq.(4) in ref. [12] and in refs. [6, 15] . Due the selection rules ∆S = 0, ∆S z = 0, we have for the transition energies the scaling relation
is the nuclear mass and µ = 0.999864a.u. is the reduced mass). For ∆M = 0 transitions the effect is always such that the position (field strength) and wavelength of a mass-corrected stationary point are related to the corresponding fixed-nucleus result by B(M 0 ) = µ 2 B(∞) and λ(M 0 ) = is small compared to ∆E it is still possible to do an approximate correction for the wavelengths of the stationary points directly with the data presented: We then have
The stationary points corrected exactly within the scaling relation given above can, of course, only be obtained by separately scaling all the values of ∆E and by interpolating them over the grid of scaled field strengths. In the argumentation above we have taken into account the normal mass correction terms. The specific mass corrections are expected to be even less significant, in particular for stronger fields and excited states.
Altogether we detected 139 stationary points; several ones among them possess large uncertainties which arise mainly due to the interpolation error with respect to the crude grid of field strengths. Most of the transitions (−1) + ↔ 0 + , however, are so precise that the corresponding data have already successfully been used to explain the absorption edges in the spectrum of the white dwarf GD229 [11] , and these data together with the other stationary transitions serve as a good basis for astrophysicists to investigate the spectra of unidentified magnetic objects.
Concluding remarks and Outlook
We have investigated the fixed-nucleus electronic structure of the helium atom in a magnetic field by a fully correlated approach. Scaling laws allow to include finite-mass effects. The present work is concerned with the energy levels and transitions of the helium states with magnetic quantum number M = −1. A small part of the corresponding data has already been used successfully for identifying the features in the spectrum of the white dwarf GD229 with electronic transitions in atomic helium [11] , which represented one of the goals of our work. The enlarged data presented in this paper will now, together with the energy levels provided in ref. [12] , serve as a good starting point for the analysis of observed spectra of magnetic astrophysical objects in general.
The reliability of our wavelength data results from the high accuracy of our energy values which ranges between 10 −4 a.u. and 10 −6 a.u.. This accuracy has become possible due to our appraoch by means of an optimized anisotropic Gaussian basis set. Since the spherical invariance is broken by the magnetic field, it has been necessary to use Gaussians with different length scales for the longitudinal and transversal degrees of freedom. The nonlinear parameters describing these length scales have been determined by the requirement to solve optimally the one-particle problem of the H atom or the He + ion in a magnetic field of given strength. These optimized one-particle functions have been used to construct configurations in order to represent the full fixed-nucleus Hamiltonian and the overlap as matrices separately in each subspace of fixed quantum numbers corresponding to the four conserved quantities: the total spin S 2 and its z-component S z , the z-component L z of the electronic angular momentum and the electronic z-parity Π z . The corresponding generalized eigenvalue problem provided a variational estimation for the energy eigenvalues. This series production of data has become by very efficient algorithms for the computation of the matrix elements, in particular the electon-electron matrix elements for which we presented an analytical formula derived in cylindrical coordinates, thereby making the CPU effort for the calculations for nonzero angular momentum affordable: Building up a matrix of dimension about 4000 takes less than one hour CPU time on a moderate Silicon Graphics workstation.
The comparison of energy data with observed spectra of astrophysical objects is possible by searching for stationary points of the transitions with respect to the magnetic field strength. The data for M = −1 in the present paper yield ∆M = 0 transitions, and together with the results for M = 0 in ref. [12] we have also been able to consider ∆M = 1 transitions. Complete tables of all the detected stationary points for the mentioned transitions were given. Energy data for M = −2 and M = −3 are planned to be investigated in a future work.
In order to complete the treatment of bound electronic transitions of helium in a magnetic field, we will in the near future also investigate in detail the oscillator strengths of the mentioned transitions as a function of the magnetic field. Based on the calculated intensities it will be possible to produce synthetic spectra, and a comparison with the observed spectra will give important hints for models of the radiation transport and the field configuration in magnetic astrophysical objects. 
A Analytical solution to the electron-electron integral
In the following it is our aim to derive an analytical expression for the electron-electron integral which allows its efficient numerical implementation. We emphasize that an efficient treatment of the two-particle integrals is essential for the calculations on helium since the number of two-particle matrix elements is N (N + 1)/2, in contrast to the one-particle matrix elements whose number is only n(n + 1)/2 (here N ≈ 4000 is the dimension of the two-particle Hamiltonian matrix whereas n ≈ 200 is the dimension of the underlying oneparticle basis set, see eqs. (2,5)). Denoting the two-particle interaction with V II (r 1 , r 2 ) = solve the integral
where the one-particle orbitals Φ i are of type (2), obeying the constraints (3, 4) . For the sake of brevity, we will in the following use the index notation γ ik := γ i + γ k for the sum of two indexed quantities.
The initial step is to apply a Singer transformation [22] in order to remove the Coulomb singularity, thereby introducing the new variable u according to
Then the integrand of this new integration over u decomposes into a transversal and a longitudinal part
where
and
The longitudinal integral I z (u) is the trivial part of the matrix element (A.1). For decoupling the particles 1 and 2 we subsitutez
β ik +u 2 and
The exponential factorizes, and the power z nz ik 1 can be multiplied out, yielding for I z (u) a sum over standard integrals of the Gaussian type ∞ −∞ z nz e −γ(u)z 2 which can easily be evaluated, giving after a few steps of algebra
where the prefactor g l := mod(l, 2) reflects the fact that the total z-parity is a conserved quantity. The function J is defined by
The usual procedure for the treatment of the transversal part I ρϕ would be to represent it in Cartesian coordinates since then its decomposition into a sum of products of integrals I x (u) and I y (u) analoguos to I z (u) would be technically simple: The exponential would factorize automatically, and the remaining part consists of factors like ρ nρ e ±im which can be expressed as (x 2 + y 2 ) k (x ± iy) |m| due to the contraint (3) and which can trivially be multiplied out. We emphasize that this procedure, however, would yield expressions which are very expensive with respect to the CPU time since already for small nonzero maqnetic quantum numbers m or excitations k the number of binomic terms gives rise to a large number of integrals over u.
In the following we exploit that the described drawback is not at all a property of the integral (A.1) but only of the Cartesian approach. In fact, the many mentioned u-integrals are not independent from each other but the information how to resummarize their results to a more compact expression is lost in the lengthy Cartesian algebra. Therefore, it is our strategy to use cylindrical coordinates from the very beginning, although the derivation of this condensed analytical formula is technically involved.
The key for solving the integral I ρϕ (u) is the following substitutioñ
which results from the following ideas (here a(u) = u 2 α ik +u 2 ). Firstly, we use the angular part of I ρϕ (u) for exploiting the conservation of L z , and secondly the remaining radial part has to be decoupled similarly like in the case of the z-integration mentioned above. Using in eq.(A.5) the angle ϕ := ϕ 2 − ϕ 1 and the cyclic angleφ := 1 2 (ϕ 2 + ϕ 1 ), the integration overφ yields a Kronecker Delta reflecting the conservation of L z :
Now, the expression (ρ 1 cos ϕ) plays a similar role as z 1 in eq.(A.3), and therefore we temporarily introduce 
. This is a powerful step since the relations (A.7,A.8) can explicitely be solved with respect to those two factors. After some algebra we arrive at:
where Gaussian integrals completely analogous to the expressions encountered in the evaluation of the integral I z , which allows us after several steps to express also I ρϕ in terms of the function J given in eq.(A.6):
The final step is to evaluate the u-integration after inserting eqs.(A.13,A.5) into eq.(A.2). Considering n z ik 2ζ .14) shows that the solution of the electron-electron integral is now reduced to the integration
Up to a constant prefactor, the integrand in eq.(A.15) is of the type
are fixed real numbers given by the basis functions.
The exponents depend on the summation indices which enter into the functions J, and n u := n 1/d+u 2 with du =
In order to reduce this integral to hypergeometric functions it is now necessary to multiply out one of the three last factors. This is possible since the basis functions can always be interchanged in such a way that one of the exponents r a , r b is positive, say r a . Then eq.(3.211) in ref. [23] can be used to obtain
where B ist the beta function and F 1 is the Appell hypergeometric function [24] . It is defined as double 
where now the integral stands for the expression (A.17).
The final result is a real value for ij|V II |kl obtained by inserting eq.(A.18) into eq.(A.14): 
An overview over the various parameters entering into eq.(A.19) is given in appendix C where we briefly present the algorithm for the implementation of eq.(A.19). The direct implementation of eq.(A.19) yields already a factor of 5 to 10 with respect to the increase in speed compared with the common result derived in Cartesian coordinates in ref. [12] . However, by systematic exploitation of the symmetries the gain factor of CPU can further be raised to between 20 and 40.
B Symmetry properties of the electron-electron integral
In the present section we list the different types of symmetries for the expressions encountered in appendix A. 
B.1 External symmetries
B.2 Internal symmetries
The 
B.3 Further symmetries
Assuming both parameters r a and r b to be non-negative, eq.(A.17) is also valid after interchanging r a ↔ r b (and simultaneously q a ↔ q b ), representing a new invariance transformation of ij|V II |kl .
C Implementation
In the following we present the algorithm for the implementation of eq.(A.19) for our calculations on helium.
1. Due the external symmetry ij|V II |kl = kl|V II |ij it is sufficient to compute only the upper triangle of the matrix corresponding to V II .
2. If n ρ jl − n ρ ik < 0, we use the external symmetry ij|V II |kl = ji|V II |lk and interchange globally i ↔ j, k ↔ l, which achieves r a ≥ 0.
3. If then n z jl − n zik < 0, we use the internal symmetry of I z (u) and interchange n z i ↔ n z j , n zk ↔ n z l as well as β i ↔ β j , β k ↔ β l , which achieves r b ≥ 0. 
